Projectile fragmentation reactions are well suited to structure studies of weakly bound nuclei, but an accurate reaction theory is necessary to extract quantitative spectroscopic properties. We examine here the accuracy of the commonly used eikonal approximation for the nuclear-induced breakup of halo nuclei. Comparing to numerical solutions of the full time-dependent Schrödinger equation, we find that the eikonal remains fairly accurate for calculating breakup probabilities of halo nuclei even down to 20 MeV/nucleon, reproducing relative spectroscopic strengths to within a few percent. Absolute reaction probabilities tend to be underpredicted by the eikonal, which would make extracted spectroscopic strengths somewhat too high. We discuss other features that are seen in the full calculation but are missing in the eikonal approximation such as the ''towing'' mode.
I. INTRODUCTION
A wide variety of reaction models have been developed and applied to analyze breakup reactions of halo nuclei. A popular model is the eikonal approximation ͓1-5͔, which is very convenient from a computational point of view but is only justified at higher beam energies. Since many fragmentation experiments have been performed in the energy range of 20-60 MeV/nucleon and the data are often analyzed using the eikonal approximation ͑see for example Refs. ͓6-10͔͒ it is of interest to assess its accuracy and determine the range of beam energies for which it is reliable.
In this work we test the eikonal approximation by comparing it to numerical solutions of the full time-dependent Schrödinger equation for a halo neutron in a projectile interacting with a nuclear target as well as the core of the projectile. For given interactions, the only approximation is a classical treatment of the projectile-target coordinate, which is quite safe for the heavy-ion reactions considered. We previously used the time-dependent Schrödinger method to study higher-order effects in Coulomb dissociation ͓11-13͔. For our tests here, we calculate the nuclear-induced breakup of the halo nucleus 11 Be. The time-dependent Schrödinger equation has also been applied to halo breakup by other authors ͓14-16͔. They use numerical techniques that are different from the one we have used to solve the equation. In any case, it is now computationally feasible to solve the time-dependent Schrödinger equation by several methods to sufficient accuracy that the numerical aspect is not a real limitation on the applicability.
Besides the eikonal and time-dependent Schrödinger equation, a number of other approaches have been used to describe heavy-ion breakup reactions. The transfer-tocontinuum model ͓17͔ is as convenient as the eikonal and is in some ways more accurate. However, it is not applicable with standard-range optical potentials such as those used here, and so we do not attempt to include it in our comparison. Another approach that avoids the approximations of the eikonal is the continuum discretized coupled channels method ͓18-20͔. In principle, the equations solved by this method are exact, but the computational demands are severe. Many continuum states must be included in the basis. Also, coupling between the continuum states cannot be neglected, as is sometimes done, and still have reliable results ͓21͔.
II. HAMILTONIAN AND DYNAMIC EQUATIONS
We consider a model in which the only coordinates are the neutron's and the projectile-target coordinate R. The latter is treated classically, and for simplicity we assume a straight-line trajectory R(t)ϭbϩvt. This leaves the neutroncore and neutron-target potentials to be specified, whereas the core-target interaction is set to zero. Again for simplicity we ignore spin-orbit interactions, taking the neutron-core potential U nc to have a simple Woods-Saxon form,
where f (x)ϭ(1ϩe x ) Ϫ1 . The initial state of the neutron ͉0͘ is an eigenstate of the potential; for 11 Be we choose the parameters so that the eigenenergy of the second s-wave bound state equals the empirical separation energy of 0.5 MeV. We use V c ϭ61.1 MeV, R c Ϸ2.7 fm, and a c ϭ0.52 fm the precise value of R c depends on the coordinate space mesh used to solve the Schrödinger equation.
The neutron-target interaction is parametrized as a conventional optical potential
where f Ј(x)ϭd f (x)/dx. Here we have employed the energy-dependent parameters determined in Ref. ͓23͔ . The interaction ͑2͒ acts on the coordinates r for the relative motion of the neutron and the 10 Be core through the neutrontarget distance r nt ϭ͉R(t)Ϫ␣r͉, where ␣ϭA c /(A c ϩ1) and A c ϭ10 is the core mass.
The immediate object of the reaction calculation is the neutron wave function in the final state. In the eikonal approximation, which assumes that the target interaction has a very short duration, the final state wave is obtained by a simple multiplicative factor. In the present model, this is
where ͉0͘ is the initial ground state wave function, and v is the projectile velocity.
For the full dynamics we integrate the time-dependent Schrödinger equation over a time interval ϪTϽtϽT where tϭ0 at closest approach and T is chosen large enough to cover the duration of the interaction with the target. Numerically, we represent the neutron-core wave function in a spherical basis centered on the core of the projectile,
This gives the following set of coupled equations,
where m 0 is the neutron-core reduced mass. The last term is the coupling generated by the neutron-target interaction,
͑6͒
The coupling is calculated by a multipole expansion of the interaction U nt . It is convenient to take the z axis ͑or m-quantization axis͒ perpendicular to the scattering plane, the x axis in the direction of the impact parameter b, and the y axis in the direction of v. We exploit the reflection symmetry with respect to the scattering plane, which permits us to restrict the sum in Eq. ͑4͒ to terms with even or odd values of lϩm depending on whether lϩm is even or odd in the initial state.
We now discuss purely numerical aspects of solving the equations. We use the finite difference method to integrate Eq. ͑5͒, which was described in connection with Eq. ͑6͒ of Ref.
͓11͔. An important parameter in this method is ϭ ប⌬t
where ⌬r is the radial step, and ⌬t is the time step. This parameter should be of the order of one in order to achieve a reasonably converged result. We have chosen the radial step ⌬rϭ0.2 fm, and a maximum r between 50 and 100 fm. To calculate breakup probabilities, it is sufficient to use r max ϭ50 fm but to get realistic momentum distributions one needs a larger r max . The integration is started with the projectile-target y separation specified at some value y 0 ϭϪvT, and the time integration is performed up to a time ϩT. Since there is no Coulomb interaction, one does not have to cover a large range of spatial separations; in the present case the range Ϫ40ϽyϽ40 fm gives ample accuracy.
Concerning the decomposition into l and m, we find that it is adequate to limit the channels to lрl max ϭ12 as will be seen below. For the s-wave halo orbital, the number of (lm) channels is 91 taking the scattering plane symmetry into account. This is about the most we are able to handle within a reasonable computation time. For consistency, we include all contributing terms in the multipole expansion of U nt in Eq. ͑6͒, i.e., р2l max .
III. OBSERVABLES
Once the final state halo wave function ⌿ f (r)ϭ⌿(r,T) has been calculated, one can obtain the total one-neutron removal probability as
The one-neutron stripping probability is calculated from the norm of the wave function after the collision according to
͑9͒
The diffraction dissociation probability is determined as the norm of the continuum part of the wave function after the collision. If the ground state is the only bound state, then the continuum part of the wave function is
The diffraction norm is
The two probabilities, Eqs. ͑9͒ and ͑11͒, add up to Eq. ͑8͒. Besides the integrated diffraction probability, differential probability distributions in the final state are measured and provide important information. To compute momentum distributions, we project the final state wave function onto scattering states of the neutron-core Hamiltonian. We define amplitudes S klm so that the wave function in momentum space is
Thus the complete final state momentum distribution will be given by
The amplitudes S klm are calculated as overlaps of the final state wave function with the scattering states ͉klm͘ ϭ(1/r) kl (r)Y lm (r ). We normalize the radial wave function to
where ␦ l (k) is the nuclear phase shift. With this normalization, the amplitudes in Eqs. ͑12͒ and ͑13͒ are given by
The expressions ͑9͒ and ͑11͒ are also applied to the eikonal final state wave function Eq. ͑3͒. To calculate the momentum distribution ͑13͒, we need to make an angular momentum decomposition of the eikonal factor. Here it is convenient to expand S(b,r Ќ )Ϫ1 rather than S(b,r Ќ ) itself, because the integral can then be limited to a cylinder along the target trajectory. The subtraction by one is, in principle, harmless because the continuum states are orthogonal to the ground state. The same procedure can be applied in the timedependent description, i.e., we use the continuum part of the wave function, Eq. ͑10͒, instead of the full solution, when calculating the radial matrix elements Eq. ͑14͒.
In our comparative study here we will only consider two components of the momentum distribution, namely, the angle-averaged distribution and the longitudinal momentum distribution. The angle-integrated distribution is closely related to the decay-energy spectrum and it is given by
The longitudinal momentum distribution is the projection on the beam direction. This is most conveniently evaluated in a coordinate system with the z axis along the beam direction. The full distribution is again given by Eq. ͑13͒ but the amplitudes are replaced by
where is the rotation that brings the old coordinate system ͑with the y axis in the beam direction͒ into the new coordinate system ͑with the z axis in the beam direction͒. The integration over transverse momenta is much simpler in the new coordinate system because the integration over the transverse angle gives an expression that is diagonal in m. The resulting distribution is
where k is given by cos k ϭk z /k.
IV. RESULTS
In this section we apply the above theory to the 11 Be → 10 Beϩn breakup reaction. We will consider a variety of reaction conditions, particularly examining the beam energy dependence and the dependence on properties of the initial bound state wave function. We first investigated the numerical accuracy of the dynamic calculations, varying the numerical parameters ⌬r, the time step, and l max . Taking values given in Sec. II, we estimate that the accuracy of the diffraction dissociation probability is of the order of 2% at 20 MeV/nucleon and an impact parameter bϭ8 fm. We have also calculated the breakup of 11 Be at 400 MeV/ nucleon. Here we have used a purely imaginary optical potential, which was determined from nucleon-nucleon cross sections and the target density as described in Ref. ͓4͔ . At this high energy we would expect a perfect agreement between the eikonal and dynamic calculations. We find that the results agree within 1% which gives us additional confidence in the numerical accuracy of our calculations.
A. Breakup probabilities
We now examine the probabilities for stripping and diffraction dissociation for 11 Be, starting with a 12 C target and a beam energy of 20 MeV/nucleon. The calculated breakup probabilities are shown in Fig. 1 as functions of the impact parameter. The solid curve is the result from the eikonal approximation, Eq. ͑3͒. The dashed curve is the eikonal result, which includes an additional absorption from a coretarget interaction ͑obtained with a folding model͒. The resulting core profile function causes a strong reduction in the one-neutron removal probability at smaller impact parameters. It is seen that the impact parameter range of about 5-15 fm is responsible for practically the entire cross section. It should also be noted that the absolute cross sections will have a significant uncertainty associated with the coretarget profile function. The dynamic calculation using the time-dependent Schrö-dinger equation is shown with open circles in Fig. 1 . Since the core-target interaction is set to zero in the dynamic calculation, the results should be compared to the solid curves. For both the stripping and diffraction, the eikonal underestimates the probabilities by about 25%, but reproduces the dependence on b quite well. The underprediction of the stripping is easy to understand qualitatively. In the eikonal approximation, the absorptive potential of the target acts only on the halo density in the immediate path. In the full dynamics, there is also a flux from the halo wave function into the target region in response to earlier absorption and diffraction.
The three probabilities ͑stripping, diffraction, and total͒ are shown as functions of the beam energy in Fig. 2 for a typical impact parameter bϭ8 fm. One sees the expected trend that the eikonal becomes increasingly accurate as the beam energy increases. The same results are plotted as the ratio of the eikonal to dynamic probabilities in Fig. 3 . From perturbation theory, one would expect the eikonal to converge to the full dynamics as 1/vϳE beam Ϫ1/2 for real potentials and 1/v 2 ϳ1/E beam for absorptive potentials. We note that the energy dependence of the optical potential we have used ͓23͔ will also affect this behavior. The calculated stripping probabilities follow the expected dependence above E beam ϭ20 MeV/nucleon; the ratio of probabilities is quite well fit by the function P eik / P dyn ϭ1ϪE x /E beam with E x ϭ4.5 MeV. The diffraction probability has a similar trend but it fluctuates erratically below 20 MeV/nucleon.
In Figs Be breakup on a 208 Pb target as functions of beam energy, at the impact parameter bϭ13 fm. The solid curve is the result for the total oneneutron removal probability. The dashed curves are the results for stripping ͑crosses͒ and diffraction dissociation ͑circles͒.
a lower boundary for the reliable use of the eikonal approximation.
As mentioned above, the determination of absolute spectroscopic strengths from nuclear breakup is hardly feasible due to the uncertainty in the core-target interaction. A less ambitious use of reaction theory is to apply it only to relative spectroscopic strengths when several final states are possible. To assess the validity of the eikonal for such purposes, we present in Table I the ratio of eikonal and dynamic oneneutron removal probabilities as a function of bound state angular momenta and binding energies. We see that the eikonal is an excellent approximation when used this way. For example, at a beam energy of 40 MeV/nucleon, the difference in the probability ratios is only a few percent over the range of bound state angular momenta from 0 to 2 and binding energies of 0.5 to 3.0 MeV.
B. Angular momentum distributions
The angular momentum distribution of the final state is illustrated in Fig. 6 for a 12 C target at three beam energies, again at the impact parameter bϭ8 fm. The solid curves are the eikonal predictions, and the dashed curves are the results of dynamic calculations with l max ϭ12. We find that the dynamic calculations have converged quite well at smaller final state angular momenta l f , but not so well at the larger l f . The sum over l f is the diffraction dissociation probability, which is rather insensitive to l max .
The differences between the dynamic calculations and the eikonal approximation are most dramatic at 10 MeV/ nucleon. The dynamic calculation has a local minimum near l f Ϸ5. The position of this minimum increases to larger l f if we increase the impact parameter b or the velocity v, roughly according to the classical formula l class ϭmvb. The local minimum may reflect the absorption of the valence neutron when it hits the target. We believe that the shoulder beyond the minimum represents neutrons at very low energy in the target frame. We discuss below the linear momentum distributions in order to get more physical insight into this phenomenon.
C. Momentum distributions
The angle-integrated momentum distribution of the neutron with respect to the projectile frame is shown in Fig. 7͑a͒ . It shows a broad peak at about 80 MeV/c with a very narrow peak superimposed. The narrow peak is due to a d-wave resonance of the projectile potential, Eq. ͑1͒. In actuality there is no such resonance in the 11 Be spectrum. This simply shows the limitation of the simple potential model we have used to describe 11 Be. It may be seen in comparing the eikonal to the dynamic calculation that the eikonal is remarkably accurate in describing the angle-integrated momentum distribution. It should be noted that models that neglect the final state core-particle interaction will miss resonance peaks such as those found here. The broad peak is rather insensitive to beam energy and the details of the target interaction.
The longitudinal momentum distribution is of considerable interest for several reasons. Of all the momentum distributions, it is least sensitive to the details of the neutrontarget interaction. In fact, to some approximation it just reflects the longitudinal momentum content of the initial bound state. However, one feature of the longitudinal momentum distribution, its asymmetry in the projectile frame, is due to the finite duration of the collision and is completely Fig. 2 . Results are shown at three beam energies, both in the eikonal approximation ͑solid curves͒ and from the dynamic calculation ͑dashed curves͒.
FIG. 7. Momentum distributions of neutrons in the 11
Be projectile frame, produced in diffraction dissociation on a 12 C target at 20 MeV/nucleon and an impact parameter bϭ8 fm. The angleintegrated distribution is shown in ͑a͒, and ͑b͒ shows the momentum distribution projected onto the beam direction. The solid and dashed curves are the eikonal and dynamic results, respectively. All distributions have been normalized to one.
beyond the scope of the eikonal approximation. This is illustrated in Fig. 7͑b͒ for the diffractive breakup of 11 Be on a 12 C target at 20 MeV/nucleon and bϭ8 fm. The true distribution is 10% broader than the eikonal, and it has a pronounced tail going to lower momenta with respect to the target.
We saw in Fig. 6 that the angular momentum distribution at 10 MeV/nucleon has a pronounced shoulder for l f Ͼ5. This may be related to a phenomenon seen in the timedependent Schrödinger dynamics reported in Ref. ͓22͔ . The authors found that the neutron can be transferred to a continuum state moving with a velocity close to the target's, calling this the ''towing mode.'' We can examine this in more detail by dividing the neutron wave function into lowand high-angular momentum parts, calculating the longitudinal momentum distribution of each part. The result is shown in Fig. 8 . We see that the low-l part is rather symmetric in the projectile frame, but the high-l part has a shifted distribution centered at about Ϫ140 MeV/c. This corresponds well to the momentum of neutrons that move slowly with respect to the target nucleus. Thus, we confirm with our model and methods the existence of the towing mode found in Ref. ͓22͔.
V. CONCLUSION
Comparing the eikonal to exact dynamics in a model of heavy-ion projectile fragmentation reactions, we find that the eikonal is quite a robust approximation for halo breakup at beam energies as low as 20 MeV/nucleon. Spectroscopy studies using removal cross sections can use the eikonal with a reliability of a few percent for relative cross sections and a few tens of percent for absolute cross sections.
Other reaction phenomena, such as the towing mode that puts the neutron into low energies states with respect to the target, arise in the time development of the reaction and are not accessible in the eikonal. The time-dependent Schrö-dinger equation seems to offer a good way to calculate such phenomena. FIG. 8 . Longitudinal momentum distribution of neutrons in the rest frame of 11 Be produced in diffraction dissociation on a 12 C target at 10 MeV/nucleon and an impact parameter bϭ8 fm. The distribution has been separated into two contributions, namely, from low-angular momenta l f р5 ͑long-dashed curve͒ and high-angular momenta l f Ͼ5 ͑short-dashed curve͒. The total distribution ͑solid curve͒ includes the interference between the two components.
